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ABSTRACT

This paper deals with the time-domain simulation of a simplified
electro-mechanical piano. The physical model is composed of a
hammer (nonlinear component), a cantilever beam (damped linear
resonator) and a pickup (nonlinear transducer). In order to ensure
stable simulations, a method is proposed, which preserves passiv-
ity, namely, the conservative and dissipative properties of the phys-
ical system. This issue is addressed in 3 steps. First, each physical
component is described by a passive input-output system, which is
recast in the port-Hamiltonian framework. In particular, a passive
finite dimensional model of the Euler-Bernoulli beam is derived,
based on a standard modal decomposition. Second, these com-
ponents are connected, providing a nonlinear finite dimensional
port-Hamiltonian system. Third, a numerical method is proposed,
which preserves the power balance and passivity. Numerical re-
sults are presented and analyzed.

1. INTRODUCTION

This paper address the time-domain simulation of a multi-physics
musical instrument, namely, an electro-mechanical piano. A par-
ticular attention is devoted to preserving the passivity of the origi-
nal physical system, especially in the discrete-time domain (that is,
no energy is artificially created in the numerical system during the
simulation). Such an approach has been considered in e.g. [1} 2],
with an emphasis on numerical issues. In contrast, other methods
such as physically informed sound synthesis (3} 4], can lead to nu-
merical systems whose stability is difficult to ensure.

Here, we consider the port-Hamiltonian approach, introduced
in the 1990’s [5} 16l [7]. Port-Hamiltonian systems are extensions
of classical Hamiltonian systems [§]]: they model open dynamical
systems made of energy storage components, dissipative compo-
nents, and some connection ports through which energy can tran-
sit. This leads to a state-space representation of multiphysics sys-
tems structured according to energy flow, thus encoding the pas-
sivity property including for nonlinear cases.

As depicted in figure [T} the model is composed of a ham-
mer H (nonlinear component with hysteresis), a cantilever beam
B (damped linear infinite dimensional resonator) and a pickup P
(nonlinear mechano-electric transducer). In addition, the pickup
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is connected to a TLC analog filter (not shown in figure[T). The
physical modeling of those elements are available in the literature
and are recalled.

This paper is organized as follows. The port-Hamiltonian (pH)
framework is recalled in sectionPland we show how this formalism
ensures the passivity of the models in continuous time. Section 3]
describes the lumped components H, P and the RLC circuit, and
provides their modeling into pH formalism Section [] is devoted
to the pH formulation of the Euler-Bernoulli beam B through its
finite-dimensional approximation, based on a standard modal de-
composition. These components are connected in section [3] pro-
viding a nonlinear finite-dimensional port-Hamiltonian system. In
section [6] a numerical method is proposed, which preserves the
power balance and thus the passivity in discrete time. Numerical
results are presented and analyzed in section [7]

Figure 1: Schematic of the simplified electromechanical piano,
with hammer , beam B and pickup P.

2. PORT-HAMILTONIAN SYSTEMS

In this section, we introduce the port-Hamiltonian (pH) formalism
[5L164[7] and present an introductory example. It is shown how this
structure guarantees the passivity of the model in continuous time.

2.1. Considerations on energy and passivity

Denote E(¢) > 0 the energy stored in an open physical system. If
the system is autonomous and conservative, its time variation = (¢)
is zero. If the system is controlled (non-autonomous) and conser-
vative, $E(¢) is the power S(t) received from the sources through
the external ports. If the system includes dissipative phenomena
with dissipated power D(¢) > 0, the evolution of energy satisfies

the following power balance:

dE

5 (0= —D(t) +(2). (1
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Such systems are passive in the sens that & < S. In particular,

if the sources are not activated, % < 0. %the dynamic input-to-
output behavior of such system is the result of the intricate power
exchange between isolated lumped or distributed components. For
finite-dimensional systems, those components are sorted as (or can
be a combination of): s components that store energy E > 0 (mov-
ing mass, capacitors), d components that dissipate power D > 0
(mechanical damping, transistors), p external ports that convey
power S (€ R) from sources (mechanical loads, 9V batteries) or
any external system (active, dissipative or mixed). The behavior
of each component is described by a relation between two sets of
power variables: flows § (velocities, currents, variation of mag-
netic flux) and the associated efforts e (forces, voltages, magneto-
motive forces). Based on receiver convention, the received power
isSP=1{Te.

The total stored energy is expressed as a storage functional
(Hamiltonian) H of an appropriate state x. It is built from the sum
of the locally stored energies E = H(x) = > > _, Hn(xn). Typi-
cally, for a mass m, the state can be the momentum = = m‘;—‘z and

the positive definite function is Hy, (x) = %ﬂxQ. Storage power

variables (fs, es) are related to the Variatign of the state S and
the gradient of the storage function VH(x), the product of which
is precisely the received power: fies = & = VH(x)T$¥. For
the mass, it yields f,, = :—‘tz = H!, and ¢,, = md?q = j—f.

The total dissipated power is expressed with respect to an ap-
propriate dissipation variable w and is built from the sum of the
locally dissipated powers D(t) = D(w(t)) = 2% _, Dy (wn(2)).
Typically, for a fluid-type damper «, w can be a velocity w = j—‘g
and D, (w) = aw?®. As for storage components, a mapping of the
dissipative power variables (fp, ep) is provided, based on the fac-
torization D(w) = wTz(w), introducing a dissipation function z.
For the damper, fo = 3% and ¢q = 2za(w) = ow.

For an input/output system, we arrange source variables (f, ep)
in two vectors: one is considered as an input u and the other as
the associated output y so that the power received form sources is
S = pr ep.

2.2. State-space representation of port-Hamiltonian systems

The algebraic-differential system of equations that governs a pas-
sive system is obtained by applying conservation laws (Newton,
Kirchhoff) to the interconnection network. This system can be re-
cast into the port-Hamiltonian systems formalism [7, eq2.53]:

w = KT Jw _Gw Z(W) ) (2)

-y GxT | GwT Jy u

a J b
where matrices Jx, Jw and Jy are skew-symmetric (JT= —J),

and VH : R® — R?® denotes the gradient of the total energy
(Hamiltonian) w.r.t. the vector of the states x. The pH system
(2) fulfills the definition of passivity (see e.g. [9])), according to
the following property.

Property 2.1 (Power Balance). The variation of the total energy
E= H(x) of a system governed by is given by , with the
total dissipated power D = z(w)T - w > 0 and the total incoming
power on external ports S =u' - y.

Proof. We have bT- a:% +D—S. Nowb™-a=bT-J-b=0
since J is skew-symmetric. O

2.3. Example

Consider the forced mass-spring-damper system in figure 2] with
s =2,d=1and p = 1, described as follows. For the mass and
the damper, quantities are defined as previously with x; = m:—‘tl
and w = [‘;—3]. For the (linear) spring k, the state and the positive
definite function can be the elongation (here the position of the
mass) z2 = ¢ and Hz(q) = £¢* so that ez = H5 and fj, = 422,
Port variables are arranged as input u = [eext] (applied force) and
output y = [fext]- Applying Newton’s second law to this simple

system yields

em 0 —1]—-1]+1 fm

o fk | _ | 1 0] 0] 0 | ek

_fo | | 1 0] O] O ¢
—fext -1 0 0 0 —Cext

From the constitutive laws of components, this equation exactly
restores the form (2), block by block.

I

@/

,\x‘

Figure 2: Damped harmonic oscillator with excitation.

3. LUMPED PARAMETERS COMPONENTS

In this this section, the standard modeling of the hammer and the
pickup are recast as elementary port-Hamiltonian systems. Those
systems are used in section[3]to form the global pH system.

3.1. Hammer H

Here, we consider the standard piano hammer modeling, as de-
picted in [10L (11} [12]. It is composed of a simple mass with non-
linear spring and hysteresis effects due to the shape memory of
the felt [13} 14} [2]]. The actuation of the hammer is modeled as
a simple force applied on the equivalent mass according to [15].
Denoting by gy, the position of the center of gravity, and my, the
total mass leads to the following dynamics [2]:

mnd;qn = — fr(c) — fa(c) + fn 3)

where c is the crush of the felt, fi(c) = knc® is the nonlin-

ear spring effect, fo(c) = an d(gf) models the hysteresis effect

and f, is an external force. The contact with the beam is dis-
tributed according to w(z) = 1(z — 2zn)(—a,, /2,44, /2]> denoting
by z € [0, 5] the spacial coordinate along the beam with length
lp, and zp, and ay, respectively the position and width of the ham-
mer [2]]. The crush is ¢ = [Ix + gn — @b o with 5 the distance
between the top of the felt at rest and gy, |2 ]o the max of x and
0, and ¢» = folb q(z)w(z)dz the weighted average of the beam’s
transverse displacement ¢(z,t) (detailed in section . The pH
model of the hammer (for instance disconnected from the beam) is
derived as in example[2.3] and reads as follows.
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Port-Hamiltonian modeling of the hammer H

Xy = (mpg, )7,

Hy () = g i + ooty Lz + 1 Jo ™
wi = 550 2n(Wa, xa) = G| [xa]2 + )8 W
uy = fn, yu="°%

1= (8 3 )x=(o )= ()

Juw=10,Gw=0Jy =0

3.2. Pickup P

Several arrangement of physically inspired signal processing mod-

ules to recover the nonlinear behavior of electric guitar pickups

are available (see e.g [16, [17]). Here we consider the physical

modeling approach of [1819]]. According to the gyrator—capj}citor
d

approach [20} 21], we adopt the magnetic flux variation 37 and

the magnetomotive force h as magnetic power variables %h =P.
The magnet produces a constant magnetic field ho = b—‘(’] which
penetrates and magnetizes the beam (made of ferromagnetic ma-
terial). This leads to consider in first approximation the beam as
a magnetic dipole with constant amplitude. The flux ¢. of the
total magnetic field in the coil is then the sum of the flux from
the magnet ¢o = a.poho and the flux from the magnetized beam
which depends on the distance with the coil (of cross section a.).
Here, we consider a single vertical polarization of the beam, and
the model in [19] reads:

. Apay
‘“‘(%+<%@n+gw)% @

where A, = £e=1 [ s the distance from the beam at rest, g,
Hrel+1

the vertical displacement of the beam measured at point z;,, and

ay is the section area of the beam. Thus, the magnet acts as a

conservative gyrator modulated by the beam movement:

age 0 f agg
(F)=(2 ¢)(%) o

with (dftc , he) the power variables associated to the ferromagnetic
core of the coil, g(z,) the displacement of the beam measured at
the pick-up position zp, l,, the distance between the pickup and the

beam at rest, k, = 2A ,apacpo and

dq(zp,t)\ _ kp dq(zp,t)
o (st #30) =

(6)

From Ampere’s theorem and Faraday’s law, the coil is a constant
magneto-electric gyrator [20} 21]:

Ve 0 N doe
()-(8 )0 ) o

with N the number of wire turns and (v, i.) the tension and cur-
rent in the coil. Thus, the pickup acts as a modulated voltage
source to the electronic circuit. Here we consider a simple RLC
circuit, as shown in figure [3] with a high resistive load as men-
tioned in [18] so that the input current is ¢9 = 0. Finally the
port-Hamiltonian model of the pick-up is made of a two storage
components (inductance and capacitance, with magnetic flux ¢r,
and charge gc as respective states), a single dissipative component
(resistance of the wire) and two ports (constant magnetomotive
force and input current), as detailed below and in figure[3]

Port-Hamiltonian modeling of the pick-up P
xp = (¢1,90)T, Hp(xp) = 37— [xplt + 55 [xP]3
wp =i, zZp(Wp)=rpir
up = (ho,io)", yp = (%2, v0)7
(0 -1 (1 _( Nfy, 0
= (00 )x= (g )= (A0 )

Jw=0Gw=0J,=0

Figure 3: Schematic of the pick-up, where the voltage due to the
beam movement is v, = N fpho with f, as in equation @)

4. BEAM B

Here, we shall model the beam B in the port-Hamiltonian frame-
work. We use the Euler-Bernoulli modeling of cantilever beam
with damping, which results in a linear partial-differential equa-
tion. Although infinite dimensional systems perfectly fit in the
pH framework (see [22} [23]]), we firstly apply a standard modal
decomposition and recast the resulting set of ordinary differential
equations as a finite dimensional pH system.

4.1. Euler-Bernoulli modeling

The Euler-Bernoulli modeling of damped beam deflect g(z, t) is
pdiq + adiq + Kkdiq = f (8)

with initial conditions ¢(z,0) = $4(z,0) = 0, and the following
boundary conditions: no displacement at the base (bcl) ¢(0,t) =
0, no bending at the base (bc2) 9.4(0,t) = 0, no bending moment
at the free end (bc3) 62¢(1,t) = 0, no shearing force acting at the
free end (bc4) qu(l, t) = 0. pis amass,  is a stiffness and « is
a fluid-like damping, each defined per unit length. Note the total
internal energy is given by [24]:

1 [h dg\”
Es = 5/0 (n (920)* +p (d—f) )dz. ©)

4.2. Finite dimensional approximation

The linear boundary value problem (&) admits an orthogonal basis
of eigenfunctions B = {¢,, }men, on the Hilbert space L*(0,1;).
Functions ,,, which define the spacial modes are given in ap-
pendix [TT]and shown in figure

Basis functions 1,,(z) for the cantilever beam

— m=1

- m=2
. L o m=3

b0 02 0.1 0.6 0.8 10
2 (m)

Figure 4: Eigenvectors of the Euler-Bernoulli cantilever beam.
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Namely, they satisfy: (i) the boundary conditions (bc1-4); (ii)
O20(z) = Kp(2); (D) for all (m,p) € N2, (V. bp) = Gmep
(Kronecker’s symbol) Where the scalar product on L?(0, 1) is de-

fined by (f, g) fo
modes k,, according to cos k lb

z)dz. This corresponds to select the
= i (see ﬁgure_

1.0 Graphical estimation of the modes L,,,

g
— =m / " / \
' \ / \
0.5H --- cos(kL) /) Y / !
,
o o Iy ) \ . \
! v
0.0+ A ®
. \ 4 g \
\ 1 1 \
1l ! \
1 ! \
I
—0.5 . /
i \
—1.0 L . A H H N
6 8 10 12 14 16

ot

Figure 5: Graphical determination of the k.,

We define f = FTU, where ¥ = (¢1,...,%n)T is the vector
of eigenmodes so that F' = (Fi,..., Fam)T = (f, ¥) is the pro-
jection of f on ¥, and gn = (g, ¥). The relations satisfied by the
qp are obtained by projecting equation (8) on base 5. This yields
the following ordinary differential equations:

d2q3

d
Py o qB+/<¢Lq -F (10)

with L = diag(k{,
with xz = (qg,pd‘:f) ,B=

0 i1y
— P
A= ( —xL —%Id )

where O is the null matrix and Ig is the identity matrix. Note
the transverse velocity is given by dq(z D = p(z,t) = v(t)T¥(z)
with v(t) = BT ;xB(t)

ks %) which rewrites de = Axz + Bug
(0,1Iq)", ug = F and

4.3. Port-Hamiltonian formulation

From @]) and the modal reconstruction ¢ = q§ U, the total energy
of the beam is the Hamiltonian Hz(x5) = 3x5 Wxz, with

kL 0
wo (o,

since (020, 920T) = BTVHp =
that the incoming power is P = yLug = folb yEU U ugdz (with
up = F'). The resulting port-Hamiltonian system is given below.

L. The outputis yg = 45 50

Port-Hamiltonian modeling of the beam B
xp = (qs,p228)", Hp(xs) = ixFWxz

wg = dgtB, zg(wg) = awg

uB:F:<f7‘11>7 yB*dqis

(0 14 [0 [0
e (S )-8 ) e (1)

Juw=0,Gyw=0J,/=0

S. INTERCONNECTION

In this section we derive the global port-Hamiltonian modeling of
the system (H, BB, P) from the interconnection of the elementary
pH systems derived in sections [3|and [ First we connect the me-
chanical components (H, ) and second the pick-up which is not
energetically but geometrically coupled to the former part.

The connection of two pH systems is again a pH system (see
[25]). The state x, the dissipative variable w and dissipative func-
tions z are obtained by concatenating the subsystems, and the Hamil-
tonian is the sum of the local Hamiltonians.

5.1. Mechanical part

The input of the pH system that models the beam is the projec-
tion of the applied force f(z,t) on the modal basis ¥(z). When
interconnected with the hammer, this is given by the force due to
the felt compression fi + fo distributed according to w(z) (see
section B.I): ug = F = Qfy with Q = (w, ¥). Correspond-
ingly, the variation of the felt’s crush is computed from the aver-
aged velocity of the beam. This interconnection results in a single-
input/single-output pH system (the input being the force applied to
the hammer).

5.2. Complete port-Hamiltonian modeling

Finally, we include the modeling of the pickup and analog circuit.
As already stated, the mechanical part is not energetically coupled
to the electromagnetic part, and the complete modeling is obtained
by concatenating the interconnection (H, 13) with the pickup P.
This yields the following pH system.

Port-Hamiltonian modeling of the system H + B + P
X = (XH,XB,XP)T, H(X) = HH(XH) + HB(XB) + HP(XP)
w = (Wi, ws, wp)T, 2(W) = (21 (Wn),z8(Wg),zp(Wp)) |
u= (fhvhoviU)T y:(dgth7d£07v0)
0 -1 0 0 0 0
1 0 0 QT 0 0
3. — 0O O 0 Is# 0 O
x 0 Q -I4 0 0O O ’
0 0 0 O 0 -1
0 0 0 1 0
1 0O 0 1 0 0
0 0 0 0 0 0
K — 0 0 0 0 0 0
o -Q Iqg O 0 0 0
0 0 1 0 Nfp O
0 0O 0 0 0 1
Jw=0,Gw=0,J,=0
6. NUMERICAL SCHEME
To ensure stable simulation of stable dynamical system % = f(x),

many numerical schemes focus on the approximation quality of
the time derivative, combined with operation of the vector field
f. Here, we adopt an alternative point of view, by transposing the
power balance (1) in the discrete time-domain to preserve passiv-
ity. This is achieved by numerical schemes that provide a discrete
version of the chain rule for computing the derivative of E = Hox.
This is the case of Euler scheme, for which first order approxima-

tion of the differential applications dx(t,dt) = $¥(t) - dt and
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dH(x,dx) = VH(x)T - dx on the sample grid ¢t = kT, k € Z are
given by
ox(k,T) = =x(k+1)—x(k), (11)
(SH(X7 5x) = H(x + (5x) - H(x) (12)
= VdH(x, X + (5x)T - 0X.

For mono-variate storage components (H(x) = >°° _ H,(z»)),

n=1
the solution can be built element-wise with the n-th coordinate

given by

hnlzpn+6zn ) —hnlxn .
[VdH(X,x + 5x)]n = ( 617)1 ( ) if dxy, # 0,
hl (zn) otherwise.
13)
A discrete chain rule is indeed recovered
EET) _ Gum(x(k), x(k+ 1) XED (g
T T
so that the following substitution in (2)
x ox(k, T
) - G (15)
VH(x) — VaH(x(k),x(k+1))
leads to
0 = b(k)T-J-b(k)=>b(k)"-a(k)
0
= [ S| 0+ ) wit) - Ty ).
— D(k) S(k)
SE(k,T)
T
(16)
For pH systems composed of a collection of linear energy stor-
2
ing components with quadratic Hamiltonian H,, (z,) = %’; we

define Q = diag(C1 - - C;) ™" so that the discrete gradient
reads

ViH(x,x+6x) = Q (x(k) + w) , (17)

which restores the midpoint rule. For nonlinear case, @) leads
to another numerical scheme depending on the nonlinearity, still
preserving passivity.

x107*
:

10

time

Figure 6: Temporal evolution of the beam displacement measured
at pickup position g(zx) and output voltage vo (fr, = 2000N).

7. SIMULATION RESULTS

In this section, the numerical scheme (T3) is applied on the mod-
eling presented in section 5] First, we discuss the physical param-
eters used for the simulation. Second, results are shown.

7.1. Physical parameters

The sample rate is 48kHz. The parameters of the hammer are [2]:
mn=5g, B = 2, kn = 10°N.m™!, a, = lem, 2, = 2.35cm,
ap =0.IN.s.am™ ! and I;, = 1. It is supposed initially at rest,
20cm below the beam. The force on the hammer is f;, = 200N
and then 2000N, during 1ms. For a cylindrical bream with ra-
dius » = 2mm made of steel, the mass and stiffness per unit
length are respectively p = porr’kg.m ™! and k = E, ”24 , with
0 = 7750kg.m > the density and F, = 180.10°N.m~? the young
modulus of steel. The length [, is chosen so that the frequency of
the first mode (without damping) corresponds to the desired tone,
here 440Hz, which yields [, = 7.83cm. The pickup is supposed to
be positioned /,, = 1mm below the beam, at z;, = 6.26cm, and we
set arbitrarily Nkp,ho = 107 6. The cutoff frequency of the RLC
circuit is 500Hz, with C}, = 330nF, L, = 307mH and r, = 1k€2.

%1075
:

L L L I 1 L
0.006 0.008 0.01 0.012 0.014 0.016

. . L . L L
0.006 0.008 0.01 0.012 0.014 0.016
time

(a) 5 = 200N.

%1074
.

%1078

time %103
(b) frn = 2000N.

Figure 7: Zoom on the beam displacement measured at pickup
position ¢(zp) and output voltage vg.
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7.2. Waveforms

The waveform associated to the beam displacement measured at
pickup position g(z) and the output voltage vo are shown in fig-
ures The force applied on the hammer is (i) f,, = 200N (fig-
ure [7a) and (ii) fn = 2000N (figures [] and [76), during 1ms. In
case (i), the beam’s displacement measured by the pickup g(zz)
corresponds to 6% of the distance pickup-beam I,,, which coin-
cide with the linear behavior. In case (ii), ¢(zx) ~ 70%!,, which
causes the observed change in the waveform.

7.3. Mechanical energy

The dynamics of the hammer is shown in figure [84 for the case
(i) (frn = 2000N). We see it accelerates between 1ms and 2ms
and impacts the beam at ¢; ~ 2.5ms. During the impact, a part of
the energy transferred from the hammer to the beam is dissipated
in the later (see figure [8b). The energy in the beam is shown in
figure[d] We see the numerical error on the power balance is close
to the machine epsilon.

time %1073

(a) Position, velocity and inertial force of the hammer.

100

50 -

SE/T (W)
: o

-100 1 1 o SR L
2 .

50 T

=30} /" l\.\ 7 i 4
a2t \ 3 -

10 i .\'\‘ ;"’ L B

. 28 3
time (s) %1073

(b) Energy transfer between the hammer and the beam.

Figure 8: Impact hammer H - beam B

0.01 i Emlergy of the be?m

0.008 | .
= 0.006 | 1

13

<

20.004 X
w

0.002 | .

0 L L L I
0 0.2 0.4 0.6 0.8 1

x1071° Error on the power balance
; :

0.5 §

€ (W)
o

-0.5 4

time

Figure 9: Mechanical energy and error on the power balance € =
SEpeam + D
T beam -

7.4. Electromagnetic energy

The source of magnetomotive force is modulated according to sec-
tion[3.2} which can me modeled as a voltage source (with arbitrary
amplitude since the output RLC circuit is linear). Note such a
source can be locally a sink of power, as seen in figure [10| where
the power of the source pass slightly under 0. Again, the numer-
ical error on the power balance is close to the machine epsilon

(figure[TT).

I
0 0.01 0.02 0.03 0.04 0.05

2000 . Electr Spurce ;
£ 1000} :
8
2 0
o

-1000 . . . s

0.01 0.02 0.03 004 0.05
time

Figure 10: Energy, power dissipation and source of the electro-
magnetic part.

. .10°12 Error on the power balance (electro-magnetic)
T T T T

0.5+ | s

-0.5 + 4

-1 I I L I
0 0m 0.02 0.03 0.04 0.05

time

Figure 11: Error on the electro-magnetic power balance.
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8. CONCLUSIONS

In this paper, a nonlinear finite-dimensional model of a simplified
electro-mechanical piano has been developed, based on a set of el-
ementary components (hammer, beam and pickup), in the frame-
work of port Hamiltonian systems. This formalism decomposes
the system into conservative, dissipative and source parts. A nu-
merical method has been derived, which preserves this decompo-
sition and the power balance in the discrete time domain. The
analysis of numerical results proves the relevancy of the method:
first, the nonlinearity provides an sound enrichment with the force
of the hammer; second, the analysis of the power exchanges and
of the total energy shows that passivity is fulfilled.

A perspective of this work is to refine the modeling of the
mechano-electric transducer. First, the pickup could be placed in
the axis of the beam, as in the case of the Fender Rhodes piano.
Second, the modeling should include the energetic exchange due
to the coupling between the beam and the magnet, by considering
the Maxwell force. Another perspective is to estimate the phys-
ical parameters from a real device to increase the sound realism.
Finally, second order explicit numerical schemes (see e.g. [26])
could be examined to improve accuracy and reduces the computa-
tional cost.
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11. APPENDIX: ORTHONORMAL BASIS

The linear boundary value problem (8) admits an orthogonal basis
of eigenfunctions B = {t, }men, on the Hilbert space L?(0, 1),
namely, the spacial modes ., (z) which satisfy: (i) the boundary
conditions (bc1-4); (i) A2 (2) = k*1p(2); (iii) for all (m, p) € N2,
(Ym s ¥p) = 6m,p (Kronecker’s symbol), where the scalar product
on L*(0,1,) is defined by (f,g) = f(jb f(2)g(z)dz. This corre-

sponds to select the modes k,,, according to cos km [y = m:

Ym(2) = 1B (2)
Ym(2) = Om (sin kpmz — sinh kp, z) 4 cos ky, 2z — cosh k2
0 __ sinkmly—sinh kn 1y
™ T cos kmlp+cosh kmlp
— kmlp (cos 2k lp+cosh 2k, 1y, —2)
v 2k, (coS ko lp+cosh kp, 13)2

1
cosh kol (2 sin kyy lp+cosh kpy Uy sin 2k, 1) | 2
2Ky, (cos km lp+cosh k1 )2 .
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