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ABSTRACT

magnitude
This paper presents a special window function for a Fast Fourier — o—4—%)—» FFT ::d rtJeatk I trgg?,':] amplitude
Transform (FFT) based spectral modeling approach for signals x(n) eecion I3 |phase
consisting of sinusoids plus noise. The main new idea is to choose phase Sgg‘;ﬁzgl j
a time window function with a simple Fourier transform. With the Sdet(n) vy
knowledge of the Fourier transform of the window function we are > delay |[—P-= e SVI”F”;eTS'S
able to extract the parameters (frequency, amplitude, and phase) of |
sinusoids in real-time with a digital signal processor. Sstoch(n)

Figure 1: Main structure block diagram.

1. INTRODUCTION
2. ANALYSIS

For any application that deals with power spectrum estimation
and harmonic analysis, it is important to extract the line spectrum

components before performing any spectral noise “smoothing” be- ; : h t than iust taking the bin f
cause otherwise the lines would lose their sharpness [1]. Also in requency IS much more exact than Just taking the bin frequency

speech and audio coders, an important task is to extract harmonié)f the FZT rlnag_r:ri]tud_e [j“aX‘”_‘t;"g- For comparison another already
signals and to calculate masking thresholds for adaptive bit alloca-Proposed aigorithm is described.
tion.

Many approaches [2] have been proposed for this task, e.g. time-2-1. Triangle Algorithm
do??’“ Prony sdmeth_od, sutr)]bzénd rgodehhng, Ieast-sque;]redflttlﬂg 8] our algorithm is named after the shape of the analysis window in
and frequency domain methods. For the various methods the acy,q frequency domain. The idea is to use a window whose mag-
curacy and the computational complexity differs significantly. The

§ ) . nitude response can be determined by a simple function. Since
algorlthm presente_d in [4] IS based_on the FFT and offers mo_deratethe window is shifted by the sine frequency when applied to a si-
complexity. We will use this algorithm as a reference and intro-

d bust h . vsis algorith hich is fast and nusoid, the parameters of the function can be calculated from the
uce a new robust harmonic analysis aigoritnm, Which IS 1ast and e qata - We choose here a triangular frequency response which
performs better on extracting noisy sines. It is also a block-based

. o ; can be described by two lines.
approach and uses the FFT. First we will discuss the analysis al- y
gorithm, explain the synthesis algorithm for the harmonic compo- _
nents and then present a comparison and some simulation results. 2.1.1. Choice of the Window

The main analysis/synthesis structure is shown in Figure 1. TheThe apsolute values of the frequency response should follow a tri-

input signals(n) is divided into blocks of lengthV and after  angle function; we choose the zero-phase frequency response
weighting by a window, anV-point FFT is performed. The FFT

length NV should be chosen that the bin frequenly = fs/N A( jQ) { |Q | 10 < Q
) = ’ N

We present a novel algorithm to calculate frequency, amplitude,
and phase of sinusoids from the FFT data. The estimated sine

is aboutf, ~ 20...50 Hz; fs denotes the sampling frequency. 1)
Magnitude maxima (“peaks”) are searched in the obtained spec-
trum. Applying an appropriate algorithm, estimates of frequency,

amplitude, and phase of corresponding superimposed sinusoids
are calculated. After performing a subsequent peak tracking only
those sinusoids are used which belong to the “real” signal, i.e.
which are not part of the noise. The spectrum is reconstructed
using the extracted data (frequency, amplitude, phase), and apply
ing an IFFT (inverse FFT) yields the deterministic past;(n) of

the signal. The described structure is similar to the one used in [5], 10 =27 fT denotes the normalized frequency with the sampling fre-
but we are using a constant window. quencyfs =1/Ts.

, otherwise

for || < = where A(e???) is 2x-periodic, see Figure 2(a). Be-
Tause of the desired even symmetry of the window in the time
domain this results in a non-causal time window with an odd num-
ber of taps. With the even FFT length &f we get av — 1 tap
window. Delayinga(n) o—e A(e’?) by N/2 samples yields the
window w(n) = a(n — N/2) with w(0) = 0. Figure 2(b) shows
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Figure 2: Triangular amplitude response (a) and corre-
sponding causal window (b) fa¥ = 64.

w(n) for N = 64 andQ. = «/8. Applying an N-point FFT
(evaluation at frequencig®, = 27 k) to w(n) gives

Wa(k) = W(ed M) = eI N/2 4(7%) = (—1)* 44(k). (2)

Thus, the value¥V,; (k) are real valued and the sign alters. Analy-
zing the input signak(n) = cos(Qon + ) results in the win-
dowed frame({ < n < N —1)
Assuming that the spectrd(e’(?~20)) and A(e? (*+0)) do not
overlap, we get fof < k < N/2 the FFT ofz(n) according to

[ej(QOner) +e*j(90n+<ﬂ)] .3

1 (e
Xd(k) _ 5€J(v+ﬂoN/2)(_1)kA(6](ﬂk Qo)). (4)
Hence the phase of;(k) at frequency indek is given by
d(k) = o+ QN/2 + k. (5)

The choice of2. (see Eq. (1)) influences the properties of the
algorithm: for greater values @2, noisy sines can be detected
better while the frequency resolution is higher for a srtall In

the discrete-frequency domain we choose the length of the triangle

basis toD = 8, i.e. A4(k) = 0 for4 < k < N —4, which has
shown to be a good compromise.

The triangle is described by two linds, (k) in the left half and
h2(k) in the right one as expressed by Equations (6) and (7).

(k) = a-k+b with a>0 (6)
ho(k) = —a(k—D)—b @)

Notice that here the parameteis not restricted to be an integer;
the gradient of the lines is or —a, respectively.

2.1.2. Algorithm Overview

The algorithm works as follows.

1. The input signak(n) is multiplied by theN-tap window
w(n). The resultingz(n) is transformed to the frequency
domain using arV-point FFT. Since the time-domain sig-
nalz(n) is real-valued, the FFT can be performed using an
N/2-point complex-valued FFT. The magnitude values are
computed byX,, (k) = | Xq(k)|.

2. Itis searched for a frequency index, with

X (km —2) < Xn(km — 1) < X (k) ®)
Xm(km + 2) < Xm(km + 1) < Xm(km)-

The FFT magnitudel,,, (k) has therefore alocal maximum
at the frequency indek,, .

3. The phase is evaluated. According to Equation (5) first the
corrected phasé(€ {km — 1, km, km + 1})

] o(k) , k even
de(k) = { (k) — = . kodd ©

is computed where(k) € [0, 2n) is assumed. The phase
¢ is the obtained by taking the mean valuefo{k., — 1),
¢c(km ), andege (k. +1). Notice thatp is the phase at time

indexn = N/2.

4. If the deviationg¢e(km + i) — @, i € {~1,0,1}, are
beyond a defined threshold, the calculation of the triangle
parameters is performed (step 5), otherwise in step 2 the
search for other FFT maxima is continued.

5. From the six highest spectral values surrounding(k., )
the parametera andb for Equations (6) and (7) are cal-
culated by minimizing the squared error. The peak of the
resulting triangle is located at

b

k(): — =2 —
a

D b
5 "% (10)

In the current implementation the amplitude evaluation is
performed by calculating the energy in the frequency do-
main. The squared values of the obtained triangle at the six
considered points are accumulated and the obtained sum is
scaled. The scaling is necessary, because only three of four
points of each line are used to reduce the influence of noise.
Since this gives a systematic error depending on the posi-
tion of ko between two frequency bins, a subsequent error
correction is performed. The amplitude could also be ob-

tained by calculating
hi(ko) = h2(ko) = D/2 - a. (11)

An appropriate error correction has to be performed in this
case as well, since Eqg. (11) does not give the correct value,
as it will be seen in the example shown in Figure 3(b).

6. Continue in step 2 and search for other FFT maxima.

2.1.3. Example

Fig. 3 shows an example for the FFT lengéh= 64 with the input
signals(n) = 0.6 cos(10/64 - 2an) + 0.8 cos(20.5/64 - 27n).
Part (a) shows the magnitude spectrum (dividedyof the input
signal windowed by a rectangular window, in part (b) on the right
the values of X4 (k)| (o) and the calculated triangles are shown.
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Figure 3: Triangle algorithm example fav = 64.
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2.2. Derivative Algorithm If the frames(n) = cos(Qon + ) - r(n) has to be synthesized,
we have to calculate the valuds(k) before performing the IFFT.

In the approach by S. Marchand [4] the property of continuous- These values can be obtained by

time signal derivatives is exploited. The derivative of a sinusoid
is again the sinusoid multiplied by the sine frequency and with a
different phase, e.g. the continuous-time signdt) = cos(wot)

has the derivative,, (¢) = —wg sin(wot). For the discrete-time sig- 1
nal s(n) = s.(nTs) the approximatiors’ (n) = % # 2
s¢(nTs) of the derivative is used. For thetransforms we get with the termsp = o + Y=L and fu (k) = sincy (22 k % Qo).

S'(2) = fsH(z)-S(z) = fs-(1—2')- S(2) (12) To reduce the computation amount, for each detected sinusoid only
the “highest” spectral values are calculated, e.g. 40 values around
with each detected sinusoid at an FFT length of 1024. To avoid artifacts

S'(ejn) — %EWR(BJ(Q*Q()))_’_%E*WR(EJ'(QHIM) (23)

Sa(k) = s(~D) eI TV f_(k)+e TV f (k)] (24)

|H(e’?)| = /2 — 2cos(Q). (13) at the frame borders, overlapping frames should be analyzed and
For the evaluation of the frequen€}, = wo/fs we compute the  Synthesized. The synthesized frames are then added after weight-
EETs ing with appropriate fade in/ fade out windows.
When the sinusoidal signal component has been determined
Xa(k) oo =z(n)=s(n)-g(n) (14) (saet(n) in Figure 1), the noise component is obtained by

Xy(k) e—o 2'(n)=][s(n) —s(n—1)] -g(n) (15) Sstoch(n) = s(n — L) — sqet(n). The delay byL samples of
the input signal compensates the delays caused by the FFT/IFFT

N andG(e’°) = 1. Fors(n) = a-cos(Qon) the Fourier transform
of z(n) is given by 3000
. ) . + f/Hz
X(e) = FG( ) 4 2a( N, (16) 2500,
]
x'(n) is according to Eq. (15) a superposition of two sines with 20000
different phases windowed hy(n). A first approximation of2o o - | '
isQ, = 2k7/N; k is the frequency index where bath ; (k)| and 1500k ) '
| X/, (k)| have maxima. Assuminig (e? (?++%0))| =~ 0 we get @) M"}_ b i
. . . 1000F e 2 g
Xg(k) = X' (') = %(1 — eGPy (17) '-' P e |
5 | Xa (k)| o
Qo = ~ /2 —2cos(Qo (18)
X (b) () C
Qo = arccos(1 — Q3/2). 19 L ¢
The amplitude of the sine is obtained by . f/::jzo
— |Xd(k)| 25000
2000
3. SYNTHESIS e '
1500}
b i
The aim of the synthesis stage is to create a time-domain signal () HM mhm u-.-_ ]
which is the superposition of sinusoids with amplitudes, frequen- 10001 g "'”"mb_._ﬁ‘"‘ 1
cies, and phases computed in the analysis stage. We are perform-
ing the synthesis using an IFFT. Thus, we have to calculate the s00r
values in the frequency domain which have to be transformed to
the time domain. For a real-valued time sigheah) only the val- s T 15 2 25 3t15/
uesSy(k) for 0 < k < N/2 have to be known since S=
Si(k) = S (N — k) (21) Figure 4: Time-frequency planes of tin whistle sound, ori-
. o . ) ) ginal (a) and sinusoidal part extracted by using the triangle
is satisfied (the superscriptdenotes complex conjugation). Fur- algorithm (b).

thermore theV-point IFFT can be performed using & 2-point
IFFT; the samples of(n) can then be extracted from the real and
imaginary part of the result.

A frame of a synthesized sinusoid is the sinusoid windowed by
a rectangular window(n). r(n) is equal to one fof < n < N
and zero otherwise. Its Fourier transform is given by

Figure 4 shows two time-frequency planes from a sample of a
tin whistle sound (sampling ra = 6 kHz). The darkness of the
points corresponds to the spectrum magnitude values. The origi-
nal signal is depicted in Figure 4(a) while Figure 4(b) shows the
extracted sinusoidal signal, using a block lengtiNo&= 128 with
) _oN—1 sin(QN/2 _oN-1 . a frame overlap ofV/2. The triangle analysis is used and a full
R(/) = 71772 SIT(IT//Z)) =" sinoy (Q). (22) synthesis (usepof al{ frequency p%ints fo)r/ each detected sine) is
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applied. The only audible difference is the absence of the low- trajectory pair are marked so that they are not considered anymore.
frequency component which happens to be undesired noise in this Then, the two steps are repeated. The algorithm terminates
example. when in step one no new possible connection is found. If in step
one a peak does not find a partner in the next frame, a trajectory
dies; if there are unmatched peaks in the next frame, new trajecto-
ries are “born”. The lifetime is the number of frames that a trajec-
The performance on noisy sines and the computing expense havéory exists.

been examined for both analysis algorithms. Both algorithms share The minimum lifetime of “real” sines has to be about three
the problem that they require a certain bandwidth for each sine, frames (with a bin frequency of abofif ~ 20 ... 50 Hz). The use
which means that two sines must have a minimum frequency dif- of this lifetime in the peak tracking algorithm avoids the “blurring”
ference that their spectra do not overlap (frequency resolution). which occurs when analyzing noisy sines without peak tracking.
For the same reason they both have a certain minimum frequency.
Table 1 shows that the triangle algorithm performs better at high
noise levels while the derivative algorithm is superior at low noise

4. SIMULATION RESULTS

5. CONCLUSION

levels. In this paper, a new approach for extracting sinusoids from har-
adv./diasadv. monic signals is presented. Two different analysis algorithms and
—— an efficient synthesis algorithm are discussed. The two analysis
computing time_ + algorithms are compared under various aspects. For minimizing
frequency resolution - the artifacts of classifying noise as sines a peak tracking algorithm

miss rate (large SNR) + is incorporated.

The triangle analysis algorithm (without peak tracking) has been
+ implemented on a Motorola fixed-point DSP. With an 80 MHz pro-

" cessor the algorithm requires 51% of the available instruction cy-
cles, where the following settings are used: frame length=

1024, frame overlapping ofV/2, a maximum number of 102 si-
nusoids is modelled, and 32 frequency points around each detected

miss rate (small SNR) -
mean frequency error
mean amplitude error
RMS-error frequency -
RMS-error amplitude (large SNR -

RMS-error amplitude (small SNR + sine frequency are used in the synthesis.

max. error frequency - For detecting very low frequency sines (pitch frequency below
max. error amplitude + 100, . .., 200 Hz), the algorithm may be applied to a low-pass fil-
total error (large SNR) — tered and downsampled version of the input signal. For a better
total error (small SNR) ¥ time resolution a longer frame overlap has to be chosen.
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