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ABSTRACT

This papercontainsa review of the issuessurroundingsinusoidal
parameteestimationwhich is a vital part of mary audiomanip-
ulation algorithms. A numberof algorithmswhich usethe phase
of the Fouriertransformfor estimation(e.g.[1]) areexploredand
shavn to beidentical. Their performanceagainst classicainter-

polationestimato2] andcomparisorwith the CramerRaoBound
(CRB) is presented Componentetectionis alsoconsiderecand
variousmethodsof improving thesealgorithmsarediscussed.

1. INTRODUCTION

Sinusoidalparameteestimationis a widely exploredsubjectarea
andmary methodshave beenproposedo achieve this goal. The
shorttime Fourier transform(STFT), often implementedby the
fastFourier Transform(FFT) senesasa startingpoint for mary

of these. Oneclassof methodstakesthe FFT bins arounda po-

tential frequeny componentandperformsregressionof a knowvn

modelorderto fit aline or curve, the centreof symmetryof which

givesthe sinusoidalparameters.Examplesof suchinterpolation
methodsareGrandle [2] andMacleod[3].

Another group of algorithmsexplicitly usethe phaseof the
FFT to estimatethe instantaneouparameter®f the signal. The
reassignmenmethod[4, 1] is oneof these thoughothermethods
suchasthethatproposedy Marchand5] will alsobediscussed.

2. STATISTICAL PERFORMANCE

Thereare a numberof issuessurroundingsinusoidalestimation
and the performanceof algorithmsdesignedfor this task. The
problemcan be broken down into two stages:detectionand es-
timation; theseareseparatdut inextricably linked. Also, earlyin

theconsideratiorf ary methodshouldbeits intendedapplication:
mary algorithmsaretestedupon limited syntheticdata,which is

fine if the signalfor which the algorithmis ultimately intended
closelymatcheghis. However, in therealworld, mary signalsare
bothnon-stationaryi.e. timevarying),have ahighdensityof com-
ponentsand/orexhibit non-sinusoidatlements.Musical audiois

aclassicexampleof this. Thuswe shallfirst examinethe caseof a
singlecomple sinusoidin Gaussiamoiseof known variances?

andbuild up compleity from there.

2.1. Single Complex Sinusoid

A suitableframework for the statisticalcomparisorof algorithms
is the CramerRaoBound(e.g. [6]) which describeghe bestpos-
sible lower boundfor estimationerror given a signal vector and
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associatedhoisestatistics.If correctdetectionof a signalcompo-
nentis assumedor now, it remaingo estimateheexactfrequeny
w, phase&d andamplitudeb of thatcomponentnote,acomple si-
nusoid):

c[n] = bexp[j(wn + 6)] 1)

Two estimationerror effects exist; bias and variance. Bias can
be consideredhe meanestimationerror over a numberof trials
while varianceis the variationaroundthis mean.The CRB gives
theoreticalimits on thevarianceof anunbiasedestimate.

Somealgorithmsexhibit inherentbiasin the estimate. The
mostobvious exampleis estimationdirect from the FFT without
ary further processing:in this case,if the exact frequeng falls
betweertwo bins,iew = (k+A) x 27 F, /N wherek is theexact
bin and A is the offset, thenby selectingthe maximumamplitude
bin in the FFT andusingthatfrequeng asthe estimatetherewiill
beabiasof A.

Reassignmenfl] hasbeenshavn to exhibit this bias effect
(albeitof a tiny ordercomparedo the raw FFT) but for a single
sinusoid,it canberemored[7]. Thetrianglealgorithmof Keiler
[8] alsoexhibits thisinherentbiasthoughthey fail toremoveit and
hencedo not gain maximum performancefrom their algorithm.
Figure 1 givesanexampleof the effectsof biasanddetectionfor
thereassignmenrdlgorithm.
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Figure 1: Plot shaving the variouseffects of detectionand bias
for the reassignmenalgorithm. - CRB; -- without inherentbias
removed; - - with detectionassumedx- with simpledetectional-
gorithmtakeninto account.The 4dB offsetfrom the CRB is due
to theuseof windows asdescribedn section2.2.
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2.2. Multiple Components

With multiple componentsthereis a secondbias effect: that of
onecomponentponanother At this point, theissueof windowing
becomesmportant. While it hasbeenshavn [6] thatwindowing
increaseghe varianceof an estimator(intuitively, by windowing
the outlying datapoints,the amountof datais beingreduced)the
rectangulawindow (i.e. no window) is theworstfor this multiple
componenbiasbecauséts side-lobesontainsignificantpower.

In thecaseof multiple componentsvhicharecloselyspacedn
frequeng, this biaseffectwill dominatethe estimationunlessit is
removed. A potentialmethodof biasremoval is iterative analysis,
e.g.[3], solong asthetonesareseparateth frequeny by several
bins. Windowing can reducethe initial bias and speedconver
gence.For example,while the 3-sampleunwindaved interpolator
of [3] cangetmuchcloserto the CRB (1.2dB),it suffersfrom high
biasleakageandis a very poorstartingpointfor iterative analysis.

It is worth noting at this point thata real sinusoidconsistsof
two comple sinusoidsand thesewill have bias effects on each
other thoughunlessthe sinusoids frequeny is very low, they are
sofarremovedfrom eachotherin the spectrunthatthisis small.

2.3. Real Signals

Mary real-world signalsconsistof multiple real sinusoidswhich
arecloselyspaced Here,the between-componeiiaseffectsare
multifariousandvery hardto remove completely Also, theinher
entbiasdueto themethodis oftenstill presenaswell asvariance
causedyy thenoisein the signal. Thefinal ingredientof the prob-

lem which hasbeenassumedhusfar is detectionof components.

Variousmethodsexist for sinusoidabletectionlandhencerejection
of peakswhich arepurelydueto noise).Examplesarephasecon-
sisteny [8], noisefloor estimation[3] andmeasuredasedupon
reassignmenii9]. Windowing is crucialin this context aswell in
thatit is desirableto have a narrav main lobe (in the frequeng
domain)to allow closelyspacecdcomponent$o be separatedFi-
nally, mostreal signalsare not stationaryand this causesmary
furthereffects.

24. Summary

Sinusoidalkestimationerrorsconsistof threefactors:biasinherent
in thealgorithm(whichcansometime®eremoved),variancefrom

the noisein the signalandbiasfrom multiple tones. Windawing

will increasethe variancebut reducethe bias. lterative analysis,
asdescribedurtherin section6, canbe usedto help reducethe
biasfurthersolong asthe componentsrereasonablseparateth

frequeng. The effectsof all of theseshouldbe analysedandac-
countedor whenchoosingonealgorithmover anotheror selecting
settings.A final consideratioris thatof computationatostwhich

maybeanissuefor someapplications.

3. DESCRIPTION OF ALGORITHMS

3.1. Estimators

Four estimatoralgorithmsare comparedn this surey. They all

usethediscreteFouriertransformasabasisfor furtherprocessing.

Thefirstis thatof Grandle [2] which usesthe two largestmagni-
tudebinsin the Hanningwindowed shorttime Fourier transform
to performaninterpolationestimate.

XL @)X(t-1,0)
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Figure 2: Figure shawving vector relationshipsfor Marchands
methodof finding instantaneouBequengy.

Thenext methods so-calledreassignmerji]* wherethephase
of the signalis used,via a setof relatedwindows to producean
improved estimateof frequeng. This paperfocuseson frequeny
reassignmenthichis givenby

)

ot w) =w +s{th(t,w>-Xz(t,w)}

| Xn (8, w)[?

where X}, (¢, w) is the STFT utilising a givenwindow (e.g. Han-
ning, Blackman)and X4, (t,w) is the STFT usingthe derwvative
of theoriginalwindow functionasthenew window. Reassignment
canintuitively be thoughof asfinding the “centre of enegy” for
eachbin andplacingthe enegy there,ratherthanat the centreof
theanalysiswindow. Time reassignmentyhichis the corverseof
frequeng reassignments describedy

Xin(t,w). X (t,w) }

X (6,0 ®)

tt,w)=t—R {
where X, (t,w) usesatime rampedversionof the original win-
dow. It shouldbe notedat this point thatfrequeng reassignment
is oftenidenticalto mary of theinstantaneoufequeng methods
of the past[11, 12] asis provedin [10]. This studyusesthere-
assignmengequationswith the Hanningwindow which givesthe
leastintrinsic biasandsmallestspectralwidth of mainlobe.

A third approachwhich also usesthe phaseto performfre-
gueng estimationtakestwo differentwindoveddatasets asmall
numberof samplesapartand estimateshe changein phasedi-
rectly. Thisis givenby

arg(Xn(t,w)) — arg(Xa(t — 6,w))
)

whered is the separatiorof the two frames. Dixon [13] usesthis
methodandArfib etal [14] alsodescribeit. § = 1 is usedin this
study This methodis equivalentto reassignmenin using phase
changeto estimatefrequeng but usesa brute force approachas

w(t,w) = (4)

1A full analysisand review canbe foundin Hainsworth & Macleod
(10]
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opposedo the exactinstantaneoufequeng methodof reassign-
ment.

Lastly, Marchand[5] hasproducedan algorithmbasedupon
signalderivatives. Intuitively, it would seenthatthis is similar to
reassignmenwhereaderivative window is used.However, theim-
plementatiorgivenin [15] shaws thata differencemethodis used
to generatehe signalderivatives. Theformulationof Marchands

givenby

St o) — 2 aresia (LI W)

@(t,w) = 2arcsin (2 Xt )] ) (5)
whereX! (t,w) is thewindowed STFT usinga differencedsignal
d(t) = z(t) — z(t — 1). It cantrivially beprovedthat X* (t,w) =
X (t,w) — X (¢t — 1,w) whichleadsto asimilarresultto thephase
differencingapproachabove. If it is assumedhatoverachangeof
onesample the magnitudeof the complex STFT bin valuesstays
constantanisoscelesrianglecanbeformedfrom X (t —1,w) and
X (t,w). Theuniqueangleis bisectedandthis is thendescribed
by the arcsin function. Figure 2 shaws this graphically Thus,
this methodis identical to the phasedifferencingmethodof (4),
barnumericalissuesat frequenciesroundthe Nyquistlimit using
Marchands method.

3.2. Detectors

The simplestdetectoris to make anassumptioron the numberof
signalcomponentpresentindto thenpick the P highestpeaksin
the STFT. With low amplitudepeaks thereis, hovever, a signif-
icant chancethat sinusoidsfalling closeto halfway betweentwo
bins will be missedin the detectionprocess. Zero paddingis a
commonsolutionto this, thoughit hasits own downsidein thatthe
side-lobe®f highamplitudecomponentbecomévisible” andare
likely to bedetected.

Therefore for comple tasks,it is desirableo have morereli-
abledetectors A suney of theliteraturegivesa numberof meth-
ods, mary of which exhibit undesirableproperties. A popular
methodis to useameasuref fit to theidealwindow functionfor a
sinusoid,oftenby aleastsquaresnethod[16, 17] but thesemeth-
odsperformbadlydueto normalisatiorissuesKeiler[8] describes
amethodbaseduponphaseconsisteng wherethe binseitherside
of themaximalbin shouldhave adeterministiaelationshipto each
otherandthe maximalbin. The error betweenthe ideal relation-
ship and the actual phasescan give a measureof sinusoidality
Macleod[3] usesa noisefloor estimationprocesgo detectcom-
ponents heightabove the noisefloor determinesvhethera com-
ponentis found or ignored. Hainsworth [18] presentsa method
usingreassignmenb producea variety of statisticsfrom which a
decisionis madeasto whethera peakis a sinusoid,a transientor
noise.Performancef thesealgorithmsis discussedh section5.3.

4. CRAMER-RAO BOUND THEORY

The CramerRaolower boundis a measurdor evaluatingthe per
formanceof estimatorsaandthe CRB analysisof sinusoid-in-noise
estimationalgorithmsis a well documentedarea[6, 3]. It is de-
finedto bealimit onthebestpossibleperformancechiezablefor
parameteestimationgiven a dataset. Maximum lik elihood esti-
mationwill achieve this boundandto increaseperformancebe-
yondthis, prior informationmustbe emplo/ed (e.g.[19, 20]).
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Figure3: CRB comparisorfor a singlecomple tone. (a) - CRB
of ML estimatory(b) x, Marchands estimatorjc) ¢, reassignment
usingHanningwindow; (d) A, differencemethod;(e) o, Grandle
interpolator

For asingletoneembeddedh Gaussiamoise theML estima-
tion algorithmis the onewhich minimises

S = Y (cln] - bespli@n+8)])”  ©
for thesignal
c[n] = by exp[j(win + 61)] + v[n] )

with parameters

a=[w b 6 ]". (8)
andi.i.d. Gaussiamoisewv[n] with variances”. ML algorithms
will often do a coarseand then an increasinglyfine grid based
searchor the parametesetwhich minimisestheerror.

Following the derivationin [6], the lower bound,or bestpos-
sible performancé¢hatcanbeachiezedfor frequeny estimations

602
Ao > -
%01 = PN(N? - 1) ©
This canbeseerto beinverselyproportionalto the signalto noise
ratio (SNR)[3]. )
SNR = b—12 (10)
g
As mentionedabove, thereare two effects which can be distin-
guishedfor an estimator: bias and variance. The CRB gives a
boundonthevariance for anunbiasedestimate.

5. RESULTS

5.1. Single complex tone

Thefirst comparisorto bemadeis betweerraw estimatiornperfor
mancewithouttheaddedcomplicationof detection.Thus,figure3
shavs the performanceof the various estimatorsas they break
down dueto noise.As the SNRincreasesanasymptotidendenyg
with respecto the CRB? is found, with anoffsetwhich is dueto

2All plotsshav the CRB for unwindaved data.
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Figure 4: CRB comparisonfor a single comple tone with de-
tection. (a) - CRB of ML estimator;(b) X, Marchand$ estima-
tor; (c) ¢, reassignmentsingHanningwindow; (d) A, difference
method;(e) o, Grandle interpolator

theparticularmethodused(relatedto thewindowing). Theresults
hereareindependentf window lengthandsamplerequeng used
thoughthey weregeneratedisingawindow length, N = 128 sam-
plesandsamplerate F; = 4kHz. They werealsoaveragedover
arangeof frequenciesrom 1Hzto F; /2 andinter-bin offsetsA,
thoughagain theestimatoiperformancevasindependenof signal
frequeny andA. Thethreemethodswvhich usephaseall perform
almostequivalently, which is not surprising,giventhe underlying
similarity. They all achieve slightly betterperformancethanthe
Grandk interpolatorby 0.8dB.

Figure4 shaws the performanceof eachestimatorwhende-
tectionis takeninto consideration For this purpose the simplest
detectionschemeof picking the P = 1 highestpeakwas used.
It canclearly be seenwherethe sinusoidis overwhelmedby the
noiseandthe detectionbecomesandom eventuallyachiering the
secondasymptotewhich is equivalent to picking a randomfre-
queng. The performanceof Marchands algorithmin this failure
region s artificial: numericalissueswith the algorithmmeanthat
it is impossibleto pick a value aroundthe Nyquist frequeng so
theresultsarebeingaveragedover a smallerrange.

5.2. Multiple complex tones

With multiple complex tones,intercomponenbiasis now anis-
sueandthis is proportionalto the frequeng separatiorbetween
the componentsTo explore this additionaleffect, trials were per
formedfor a numberof frequeng separationdetweertwo com-
plex tones.Againwith F, = 4kHz and N = 128, thelower tone
washeld constantat around200Hzwhile threefrequeng separa-
tionswereused:90Hz (equivalentto 2.88binsseparation)200Hz
(6.4bins)and700Hz(22.4bins). Thetrials shav resultsaveraged
over arangeof A inter-bin offsetsandphaserelationshipsThese
form a deterministicpatternof varyingintercomponenbias.
Theresultsfor thesecanbefoundin figure5 for the higherof
the two tones,plotted againstthe CRB for a singletoneascom-
parison.Detectionissuesareignoredandestimationperformance
is the all thatis shawvn. Theinterestingpointsto notearethatfor
high noise (low SNR), the three phasemethodsall perform ap-
proximatelyequialently and betterthan Grandle. However, for
high SNR, wherethe toneis clearfrom the noise,the biaseffect
for Grandle is lower thanit is for the phasemethods.The other
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Figure 5: Frequenyg estimatevarianceaveragedover A and a
rangeof phasefor the higher of two complec tones. (a) - CRB
of ML estimator(singletone);(b) x, Marchands estimator;(c) ¢,
reassignmentsing Hanningwindow; (d) A, differencemethod;
(e) o, Grandle interpolator
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effectis thatthe thresholdat which the biasbecomeghe limiting
factorchangesasexpectedwith frequeny separatiorof the two
tones.

variance bins?

I I I I I I
2 4 6 8 10 12 14 16 18 20
harmonic number

(@) fo =100Hz

variance bins?

I I I I I I
2 4 6 8 10 12 14 16 18 20
harmonic number

(b) fo =350Hz

Figure 6: Real tone estimationperformancefor two f, values.
Solid lines are the three phaseestimationmethods; dashedis
Grandle.

To further explore this effect, a real piano signal from the
McGill Master Samplesdatabasd21] was analysedfor spectral
contentandthensyntheticallyreproducedo asto have a ground
truth with known frequenciesandnoisestatistics.F; = 44.1kHz
and N = 2048 sampleswere usedand 21 harmonicswere re-
producedwith varying amplitudesfrom 54dBto only 4dB above
the noisefloor. Randomphaserelationshipsverechoserandtwo
valuesfor the fundamentafrequeng, f, weretested- 100Hzand
350Hz. Results,averagedover 100trials canbe seenin figure 6
againwith detectionassumed For the smallerinter-tone separa-
tion, the Granle interpolatoris betterthanthe phasemethodgor a
largerrangeof SNRwhereador f, =350Hz,the phasemethods,
asexpected performmaiginally betterfor a largerrangeof SNR
values.

Macleod Keiler
Ny | Ny Ny N;
Pseudofy = 100Hz | 14.07 | 0.24 || 20.41| 87.24
Pseudaofy = 300Hz 21 0.28 || 20.66 | 75.86
Realguitar 15 0 16 100

Tablel: Resultdor detectioralgorithms.V; is averagenumberof
correctlydetectedones.Ny is averagenumberof falselydetected
tones.

5.3. Detection performance

Raw detections besttesteduponsyntheticsignalswheretheexact
numberandnatureof the componentss knowvn. The pseudo-real
piano soundwith 21 harmonicsfrom the last sectionwas there-
fore usedfor testpurposesvith two detectiormethods:Macleods
noisefloor methodand Keiler's phaseconsisteng test. Table 1
givesresultsof thisfor two differentftundamentafrequenciesyith
resultsaveragedover 100 trials with randomphaserelationships.
Also includedareresultsfrom a real signalconsistingof a guitar
tonewith 16identifiableharmonicqonly onesingletrial wasused
for this).

It canbe seenthatthe noisefloor methodhasa very low false
alarmratebut in high tonedensity hasatendeng to misscompo-
nentswhile the Keiler phaseconsisteng testhasanover-detection
problemin thatit classifiesoiseassinusoidal All schemesested
by the authorssufferedfrom oneor otherof thesebehaiours;the
trade-of betweerfalsealarmrateandmisseddetectionds a fun-
damentaproblemwith all detectors.

6. ITERATIVE ANALYSIS

Macleod[3] describes methodfor overcomingsomeof the prob-
lemsabove: if iterative analysisis used wherebycomponentsre
detectedestimatedand removed from the spectrumbeforemov-
ing on to the next then detectionof low enegy componentde-
comesmore possible. Also, inter-componentiaseffectsarere-
ducedby this. The only problemsoccurwith very closelyspaced
toneswhen they becomeinseparableand also with real signals
with non-sinusoidatomponents.Theseleave residualsafter re-
moval which canin turn be detectedas componentsf the fit is
especiallybad.

Figure7 givesacomparisorof theiterative detection/estimation
performancédor the Grandle estimator[2] with Macleods noise
floor detector3]. Significantestimationmprovementcanbeseen
at high SNR (the first 5 harmonics). Also, for the pseudo-piano
tonewith fo = 100Hz, the detectionalgorithmnow findsall 21
tones thoughthe numberof falsealarmsis alsoincreasedlightly.

7. CONCLUSIONS

A numberof differenttestshave beendescribedand comparison
with the CRB given. Fromtheresultsanumberof conclusiongan
bedrawn.

e The choiceof estimationalgorithmis dependentiponthe
data: for sparse high noise data, the reassignmenélgo-
rithm works best, while in low noiseor high component
density Grandle is a betterestimator

e Reliable detectionof sinusoidsis difficult but a sensible
combinationof noisefloor comparisonand sinusoidality
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Figure 7: Plot shawing iterative detection/estimatior{dashed)
versesnormal detectall thenestimate(solid) for Macleoddetec-
tion and Grandle estimationusing pseudo-piandonewith fo =

100Hz.

(1]

(2]

(3]

(4]

(5]

testingseemsto offer the mostlikely bestsolution. [18]
describesanattemptto do this.

Thecomparisorof phasenethoddor frequeng estimation
shaws thatin normal conditions,the threetestedmethods
all performedapproximatelyequivalently However, Marc-
hands algorithm performspoorly at high frequeng and
the phasedifferencingmethodbreaksdown in noisy con-
ditions. Thereforeit is suggestedhat reassignmenis the
betterformulation,giventhatthey areall of the samecom-
putationalorder

Reassignmenhas the addedadwantage,which has been
overlooked in this study of giving improved time locali-
sation.This canbe utilisedfor transientanalysig10].

Iterative detection/estimatiogivesimproved performance
bothfor estimationanddetection.This improvementcould

beappliedto reassignmenthoughit hasnotexplicitly been
consideredn this study
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