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ABSTRACT

This papercontainsa review of the issuessurroundingsinusoidal
parameterestimationwhich is a vital part of many audiomanip-
ulationalgorithms.A numberof algorithmswhich usethephase
of theFouriertransformfor estimation(e.g. [1]) areexploredand
shown to beidentical.Their performanceagainsta classicalinter-
polationestimator[2] andcomparisonwith theCramerRaoBound
(CRB) is presented.Componentdetectionis alsoconsideredand
variousmethodsof improving thesealgorithmsarediscussed.

1. INTRODUCTION

Sinusoidalparameterestimationis a widely exploredsubjectarea
andmany methodshave beenproposedto achieve this goal. The
short time Fourier transform(STFT), often implementedby the
fastFourier Transform(FFT) servesasa startingpoint for many
of these. Oneclassof methodstakesthe FFT bins arounda po-
tential frequency componentandperformsregressionof a known
modelorderto fit a line or curve, thecentreof symmetryof which
gives the sinusoidalparameters.Examplesof suchinterpolation
methodsareGrandke [2] andMacleod[3].

Anothergroup of algorithmsexplicitly usethe phaseof the
FFT to estimatethe instantaneousparametersof the signal. The
reassignmentmethod[4, 1] is oneof these,thoughothermethods
suchasthethatproposedby Marchand[5] will alsobediscussed.

2. STATISTICAL PERFORMANCE

Thereare a numberof issuessurroundingsinusoidalestimation
and the performanceof algorithmsdesignedfor this task. The
problemcanbe broken down into two stages:detectionandes-
timation; theseareseparatebut inextricably linked. Also, earlyin
theconsiderationof any methodshouldbeits intendedapplication:
many algorithmsaretesteduponlimited syntheticdata,which is
fine if the signal for which the algorithm is ultimately intended
closelymatchesthis. However, in therealworld, many signalsare
bothnon-stationary(i.e. timevarying),haveahighdensityof com-
ponentsand/orexhibit non-sinusoidalelements.Musicalaudiois
aclassicexampleof this. Thusweshallfirst examinethecaseof a
singlecomplex sinusoidin Gaussiannoiseof known variance���
andbuild up complexity from there.

2.1. Single Complex Sinusoid

A suitableframework for thestatisticalcomparisonof algorithms
is theCramer-RaoBound(e.g. [6]) which describesthebestpos-
sible lower boundfor estimationerror given a signalvectorand

associatednoisestatistics.If correctdetectionof a signalcompo-
nentis assumedfor now, it remainsto estimatetheexactfrequency� , phase

�
andamplitude� of thatcomponent(note,acomplex si-

nusoid): ��� 	�

� ������� � ��� � 	�� ��� 
 (1)

Two estimationerror effects exist; bias and variance. Bias can
be consideredthe meanestimationerror over a numberof trials
while varianceis thevariationaroundthis mean.TheCRB gives
theoreticallimits on thevarianceof anunbiasedestimate.

Somealgorithmsexhibit inherentbias in the estimate. The
mostobvious exampleis estimationdirect from the FFT without
any further processing:in this case,if the exact frequency falls
betweentwo bins,ie � ������� � �
!#"%$�&('*)�+ where

�
is theexact

bin and
�

is theoffset,thenby selectingthemaximumamplitude
bin in theFFT andusingthatfrequency astheestimate,therewill
beabiasof

�
.

Reassignment[1] hasbeenshown to exhibit this bias effect
(albeit of a tiny ordercomparedto the raw FFT) but for a single
sinusoid,it canbe removed [7]. The trianglealgorithmof Keiler
[8] alsoexhibits this inherentbiasthoughthey fail to removeit and
hencedo not gain maximumperformancefrom their algorithm.
Figure1 givesanexampleof theeffectsof biasanddetectionfor
thereassignmentalgorithm.
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Figure1: Plot showing the variouseffectsof detectionandbias
for the reassignmentalgorithm. - CRB; , - without inherentbias
removed; - - with detectionassumed;x- with simpledetectional-
gorithmtaken into account.The4dB offset from theCRB is due
to theuseof windows asdescribedin section2.2.
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2.2. Multiple Components

With multiple components,thereis a secondbiaseffect: that of
onecomponentuponanother. At thispoint,theissueof windowing
becomesimportant.While it hasbeenshown [6] thatwindowing
increasesthe varianceof an estimator(intuitively, by windowing
theoutlying datapoints,theamountof datais beingreduced),the
rectangularwindow (i.e. no window) is theworstfor thismultiple
componentbiasbecauseits side-lobescontainsignificantpower.

In thecaseof multiplecomponentswhicharecloselyspacedin
frequency, this biaseffect will dominatetheestimationunlessit is
removed. A potentialmethodof biasremoval is iterative analysis,
e.g. [3], solong asthetonesareseparatedin frequency by several
bins. Windowing can reducethe initial bias and speedconver-
gence.For example,while the3-sampleunwindowedinterpolator
of [3] cangetmuchcloserto theCRB(1.2dB),it suffersfrom high
biasleakageandis a verypoorstartingpoint for iterativeanalysis.

It is worth noting at this point thata realsinusoidconsistsof
two complex sinusoidsand thesewill have bias effects on each
other, thoughunlessthesinusoid’s frequency is very low, they are
sofar removedfrom eachotherin thespectrumthatthis is small.

2.3. Real Signals

Many real-world signalsconsistof multiple real sinusoidswhich
arecloselyspaced.Here,thebetween-componentbiaseffectsare
multifariousandvery hardto remove completely. Also, theinher-
entbiasdueto themethodis oftenstill presentaswell asvariance
causedby thenoisein thesignal.Thefinal ingredientof theprob-
lem which hasbeenassumedthusfar is detectionof components.
Variousmethodsexist for sinusoidaldetection(andhencerejection
of peakswhich arepurelydueto noise).Examplesarephasecon-
sistency [8], noisefloor estimation[3] andmeasuresbasedupon
reassignment[9]. Windowing is crucial in this context aswell in
that it is desirableto have a narrow main lobe (in the frequency
domain)to allow closelyspacedcomponentsto beseparated.Fi-
nally, most real signalsare not stationaryand this causesmany
furthereffects.

2.4. Summary

Sinusoidalestimationerrorsconsistof threefactors:biasinherent
in thealgorithm(whichcansometimesberemoved),variancefrom
the noisein thesignalandbiasfrom multiple tones.Windowing
will increasethe variancebut reducethe bias. Iterative analysis,
asdescribedfurther in section6, canbe usedto help reducethe
biasfurthersolongasthecomponentsarereasonablyseparatedin
frequency. Theeffectsof all of theseshouldbeanalysedandac-
countedfor whenchoosingonealgorithmoveranotheror selecting
settings.A final considerationis thatof computationalcostwhich
maybeanissuefor someapplications.

3. DESCRIPTION OF ALGORITHMS

3.1. Estimators

Four estimatoralgorithmsarecomparedin this survey. They all
usethediscreteFouriertransformasabasisfor furtherprocessing.
Thefirst is thatof Grandke [2] which usesthetwo largestmagni-
tudebins in the Hanningwindowed shorttime Fourier transform
to performaninterpolationestimate.
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Figure 2: Figure showing vector relationshipsfor Marchand’s
methodof finding instantaneousfrequency.

Thenext methodisso-calledreassignment[1]1 wherethephase
of the signal is used,via a setof relatedwindows to producean
improvedestimateof frequency. This paperfocuseson frequency
reassignmentwhich is givenby-� �/.�0 � � � � �21436587�9 �/.�0 � �;: 5=<9 �/.�0 � �> 5?9 �/.;0 � � > � @ (2)

where 5A9 �/.;0 � � is theSTFTutilising a givenwindow (e.g. Han-
ning, Blackman)and 5 7�9 �/.�0 � � is the STFT usingthe derivative
of theoriginalwindow functionasthenew window. Reassignment
canintuitively be thoughof asfinding the “centreof energy” for
eachbin andplacingtheenergy there,ratherthanat thecentreof
theanalysiswindow. Timereassignment,which is theconverseof
frequency reassignment,is describedby-.;�/.�0 � � �B.DCFEG3 5?HI9 �/.�0 � �;: 5 <9 �/.;0 � �> 5 9 �/.�0 � � > � @ (3)

where 5?HI9 �/.;0 � � usesa time rampedversionof theoriginal win-
dow. It shouldbenotedat this point that frequency reassignment
is oftenidenticalto many of theinstantaneousfrequency methods
of the past[11, 12] as is proved in [10]. This studyusesthe re-
assignmentequationswith the Hanningwindow which gives the
leastintrinsic biasandsmallestspectralwidth of mainlobe.

A third approach,which alsousesthe phaseto performfre-
quency estimation,takestwo differentwindoweddatasets,asmall
numberof samplesapartand estimatesthe changein phasedi-
rectly. This is givenby-� �/.�0 � � �KJMLON � 5?9 �/.�0 � �P� C J%LON � 5A9 �/.DCFQ�0 � �P�Q (4)

where
Q

is theseparationof the two frames.Dixon [13] usesthis
methodandArfib et al [14] alsodescribeit.

Q8�SR
is usedin this

study. This methodis equivalent to reassignmentin usingphase
changeto estimatefrequency but usesa brute force approachas

1A full analysisand review can be found in Hainsworth & Macleod
[10]
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opposedto theexact instantaneousfrequency methodof reassign-
ment.

Lastly, Marchand[5] hasproducedan algorithmbasedupon
signalderivatives. Intuitively, it would seemthat this is similar to
reassignmentwhereaderivativewindow is used.However, theim-
plementationgivenin [15] shows thata differencemethodis used
to generatethesignalderivatives.Theformulationof Marchandis
givenby T� �/.�0 � � � " JMLOUWVPXZY\[ R" > 5F] �/.�0 � � >> 5 �/.;0 � � >_^ (5)

where5 ] �/.�0 � � is thewindowedSTFTusinga differencedsignal` �/. � �ba(�/. � Cca(�/.�C=R �
. It cantrivially beprovedthat 5 ] �/.;0 � � �5 �/.;0 � � C 5 �/.�C4R�0 � � which leadsto asimilar resultto thephase

differencingapproachabove. If it is assumedthatoverachangeof
onesample,themagnitudeof thecomplex STFTbin valuesstays
constant,anisoscelestrianglecanbeformedfrom 5 �/.dCeRf0 � � and5 �/.;0 � � . The uniqueangleis bisectedandthis is thendescribed
by the JMLOUWVPXZY function. Figure 2 shows this graphically. Thus,
this methodis identical to the phasedifferencingmethodof (4),
barnumericalissuesat frequenciesaroundtheNyquistlimit using
Marchand’s method.

3.2. Detectors

Thesimplestdetectoris to make anassumptionon thenumberof
signalcomponentspresentandto thenpick the g highestpeaksin
theSTFT. With low amplitudepeaks,thereis, however, a signif-
icant chancethat sinusoidsfalling closeto halfway betweentwo
bins will be missedin the detectionprocess.Zero paddingis a
commonsolutionto this,thoughit hasits own downsidein thatthe
side-lobesof highamplitudecomponentsbecome“visible” andare
likely to bedetected.

Therefore,for complex tasks,it is desirableto have morereli-
abledetectors.A survey of the literaturegivesa numberof meth-
ods, many of which exhibit undesirableproperties. A popular
methodis to useameasureof fit to theidealwindow functionfor a
sinusoid,oftenby a leastsquaresmethod[16, 17] but thesemeth-
odsperformbadlydueto normalisationissues.Keiler[8] describes
a methodbaseduponphaseconsistency wherethebinseitherside
of themaximalbin shouldhaveadeterministicrelationshipto each
otherandthemaximalbin. Theerror betweenthe ideal relation-
ship and the actualphasescan give a measureof sinusoidality.
Macleod[3] usesa noisefloor estimationprocessto detectcom-
ponents- heightabove thenoisefloor determineswhethera com-
ponentis found or ignored. Hainsworth [18] presentsa method
usingreassignmentto producea varietyof statisticsfrom which a
decisionis madeasto whethera peakis a sinusoid,a transientor
noise.Performanceof thesealgorithmsis discussedin section5.3.

4. CRAMER-RAO BOUND THEORY

TheCramer-Raolower boundis a measurefor evaluatingtheper-
formanceof estimatorsandtheCRB analysisof sinusoid-in-noise
estimationalgorithmsis a well documentedarea[6, 3]. It is de-
finedto bea limit on thebestpossibleperformanceachievablefor
parameterestimationgiven a dataset.Maximum likelihoodesti-
mation will achieve this boundand to increaseperformancebe-
yondthis,prior informationmustbeemployed(e.g.[19, 20]).
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Figure3: CRB comparisonfor a singlecomplex tone. (a) - CRB
of ML estimator;(b) x, Marchand’s estimator;(c) h , reassignment
usingHanningwindow; (d) i , differencemethod;(e) o, Grandke
interpolator.

For asingletoneembeddedin Gaussiannoise,theML estima-
tion algorithmis theonewhichminimisesjlk ]mn�o�p -q � � 	�
�� jrk ]mn�o�p#s ��� 	�
�C -� ] ����� � ��� -� ] 	�� -� ] � 
ut � (6)

for thesignal ��� 	�
�� � ] �;�_� � ��� � ] 	A� � ] � 
v� q � 	�
 (7)

with parameters w ��� � ] � ] � ] 
yx : (8)

andi.i.d. Gaussiannoise q � 	�
 with variance� � . ML algorithms
will often do a coarseand then an increasinglyfine grid based
searchfor theparametersetwhichminimisestheerror.

Following thederivation in [6], the lower bound,or bestpos-
sibleperformancethatcanbeachievedfor frequency estimationis�rz{v|~} � �(�� � ] + � + � C2R � (9)

This canbeseento beinverselyproportionalto thesignalto noise
ratio (SNR)[3]. � +�� � � � ]� � (10)

As mentionedabove, thereare two effects which can be distin-
guishedfor an estimator: bias and variance. The CRB gives a
boundon thevariance,for anunbiasedestimate.

5. RESULTS

5.1. Single complex tone

Thefirst comparisonto bemadeis betweenraw estimationperfor-
mancewithout theaddedcomplicationof detection.Thus,figure3
shows the performanceof the various estimatorsas they break
down dueto noise.As theSNRincreases,anasymptotictendency
with respectto theCRB2 is found,with anoffsetwhich is dueto

2All plotsshow theCRB for unwindoweddata.
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Figure 4: CRB comparisonfor a single complex tone with de-
tection. (a) - CRB of ML estimator;(b) x, Marchand’s estima-
tor; (c) h , reassignmentusingHanningwindow; (d) i , difference
method;(e)o, Grandke interpolator.

theparticularmethodused(relatedto thewindowing). Theresults
hereareindependentof window lengthandsamplefrequency used
thoughthey weregeneratedusingawindow length,

+ ��R "��
sam-

plesandsamplerate
& ' ���

kHz. They werealsoaveragedover
a rangeof frequenciesfrom 1Hz to

& ' )f"
andinter-bin offsets

�
,

thoughagain,theestimatorperformancewasindependentof signal
frequency and

�
. Thethreemethodswhich usephaseall perform

almostequivalently, which is not surprising,giventheunderlying
similarity. They all achieve slightly betterperformancethan the
Grandke interpolatorby 0.8dB.

Figure4 shows the performanceof eachestimatorwhende-
tectionis taken into consideration.For this purpose,thesimplest
detectionschemeof picking the g ��R highestpeakwasused.
It canclearly be seenwherethe sinusoidis overwhelmedby the
noiseandthedetectionbecomesrandom,eventuallyachieving the
secondasymptotewhich is equivalent to picking a randomfre-
quency. Theperformanceof Marchand’s algorithmin this failure
region is artificial: numericalissueswith thealgorithmmeanthat
it is impossibleto pick a valuearoundthe Nyquist frequency so
theresultsarebeingaveragedover a smallerrange.

5.2. Multiple complex tones

With multiple complex tones,intercomponentbias is now an is-
sueand this is proportionalto the frequency separationbetween
thecomponents.To explore this additionaleffect, trials wereper-
formedfor a numberof frequency separationsbetweentwo com-
plex tones.Again with

&(' ���
kHz and

+ ��R "��
, thelower tone

washeldconstantat around200Hzwhile threefrequency separa-
tionswereused:90Hz(equivalentto 2.88binsseparation),200Hz
(6.4bins)and700Hz(22.4bins).Thetrials show resultsaveraged
over a rangeof

�
inter-bin offsetsandphaserelationships.These

form a deterministicpatternof varyingintercomponentbias.
Theresultsfor thesecanbefoundin figure5 for thehigherof

the two tones,plottedagainstthe CRB for a singletoneascom-
parison.Detectionissuesareignoredandestimationperformance
is theall that is shown. Theinterestingpointsto notearethat for
high noise(low SNR), the threephasemethodsall perform ap-
proximatelyequivalently andbetterthanGrandke. However, for
high SNR,wherethe toneis clearfrom the noise,the biaseffect
for Grandke is lower thanit is for the phasemethods.The other
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(a)90Hzseparation
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(b) 200Hzseparation
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(c) 700Hzseparation

Figure 5: Frequency estimatevarianceaveragedover
�

and a
rangeof phasefor the higherof two complex tones. (a) - CRB
of ML estimator(singletone);(b) x, Marchand’s estimator;(c) h ,
reassignmentusingHanningwindow; (d) i , differencemethod;
(e) o, Grandke interpolator.
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effect is that the thresholdat which thebiasbecomesthe limiting
factorchanges,asexpected,with frequency separationof thetwo
tones.
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(a) � pr� 100Hz
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(b) � pr� 350Hz

Figure 6: Real tone estimationperformancefor two � p values.
Solid lines are the three phaseestimationmethods; dashedis
Grandke.

To further explore this effect, a real piano signal from the
McGill MasterSamplesdatabase[21] was analysedfor spectral
contentandthensyntheticallyreproducedso asto have a ground
truth with known frequenciesandnoisestatistics.

&(' ���f� : R
kHz

and
+ � "�� � �

sampleswere usedand 21 harmonicswere re-
producedwith varying amplitudesfrom 54dB to only 4dB above
thenoisefloor. Randomphaserelationshipswerechosenandtwo
valuesfor thefundamentalfrequency, � p weretested- 100Hzand
350Hz. Results,averagedover 100 trials canbe seenin figure 6
againwith detectionassumed.For the smallerinter-tonesepara-
tion, theGranke interpolatoris betterthanthephasemethodsfor a
largerrangeof SNRwhereasfor � p � 350Hz,thephasemethods,
asexpected,performmarginally betterfor a larger rangeof SNR
values.

Macleod Keiler+ 7 +#� + 7 +#�
Pseudo� p ��R ��� Hz 14.07 0.24 20.41 87.24
Pseudo� p ��� ��� Hz 21 0.28 20.66 75.86
Realguitar 15 0 16 100

Table1: Resultsfor detectionalgorithms.
+ 7 is averagenumberof

correctlydetectedtones.
+#�

is averagenumberof falselydetected
tones.

5.3. Detection performance

Raw detectionis besttesteduponsyntheticsignalswheretheexact
numberandnatureof thecomponentsis known. Thepseudo-real
pianosoundwith 21 harmonicsfrom the last sectionwas there-
foreusedfor testpurposeswith two detectionmethods:Macleod’s
noisefloor methodandKeiler’s phaseconsistency test. Table 1
givesresultsof thisfor twodifferentfundamentalfrequencies,with
resultsaveragedover 100 trials with randomphaserelationships.
Also includedareresultsfrom a realsignalconsistingof a guitar
tonewith 16 identifiableharmonics(only onesingletrial wasused
for this).

It canbeseenthatthenoisefloor methodhasa very low false
alarmratebut in high tonedensity, hasa tendency to misscompo-
nentswhile theKeilerphaseconsistency testhasanover-detection
problemin thatit classifiesnoiseassinusoidal.All schemestested
by theauthorssufferedfrom oneor otherof thesebehaviours; the
trade-off betweenfalsealarmrateandmisseddetectionsis a fun-
damentalproblemwith all detectors.

6. ITERATIVE ANALYSIS

Macleod[3] describesamethodfor overcomingsomeof theprob-
lemsabove: if iterative analysisis used,wherebycomponentsare
detected,estimatedandremoved from the spectrumbeforemov-
ing on to the next thendetectionof low energy componentsbe-
comesmorepossible. Also, inter-componentbiaseffectsarere-
ducedby this. Theonly problemsoccurwith very closelyspaced
toneswhen they becomeinseparable,andalso with real signals
with non-sinusoidalcomponents.Theseleave residualsafter re-
moval which can in turn be detectedas componentsif the fit is
especiallybad.

Figure7 givesacomparisonof theiterativedetection/estimation
performancefor the Grandke estimator[2] with Macleod’s noise
floor detector[3]. Significantestimationimprovementcanbeseen
at high SNR (the first 5 harmonics).Also, for the pseudo-piano
tonewith � p ��R ��� Hz, the detectionalgorithmnow finds all 21
tones,thoughthenumberof falsealarmsis alsoincreasedslightly.

7. CONCLUSIONS

A numberof different testshave beendescribedandcomparison
with theCRBgiven.Fromtheresultsanumberof conclusionscan
bedrawn.� The choiceof estimationalgorithmis dependentuponthe

data: for sparse,high noisedata, the reassignmentalgo-
rithm works best,while in low noiseor high component
density, Grandke is a betterestimator.� Reliabledetectionof sinusoidsis difficult but a sensible
combinationof noisefloor comparisonand sinusoidality
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Figure 7: Plot showing iterative detection/estimation(dashed)
versesnormaldetectall thenestimate(solid) for Macleoddetec-
tion andGrandke estimationusingpseudo-pianotonewith � p �R �f�

Hz.

testingseemsto offer the most likely bestsolution. [18]
describesanattemptto do this.� Thecomparisonof phasemethodsfor frequency estimation
shows that in normalconditions,the threetestedmethods
all performedapproximatelyequivalently. However, Marc-
hand’s algorithm performspoorly at high frequency and
the phasedifferencingmethodbreaksdown in noisy con-
ditions. Thereforeit is suggestedthat reassignmentis the
betterformulation,giventhatthey areall of thesamecom-
putationalorder.� Reassignmenthas the addedadvantage,which has been
overlooked in this study, of giving improved time locali-
sation.Thiscanbeutilisedfor transientanalysis[10].� Iterative detection/estimationgives improved performance
bothfor estimationanddetection.This improvementcould
beappliedto reassignment,thoughit hasnotexplicitly been
consideredin thisstudy.
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